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TECHNICAL NOTE NO. 1822

ELASTTC AND PLASTIC BUCKLING OF SIMPLY SUPPORTED
METATITE TYPE SANDWICH PTATES IN COMPRESSION

By Paul Selde and Elbridge Z. Stowell
SUMMARY

A solution is presented for the problem of the compressive buckling
of simply supported, flat, rectangular, Metalite type sandwich plates
stressed either in the elastic range or in the plastlic range. Charts
for the analysis of long seandwich plates are presented for plates having
face materials of 24S—T3 aluminum alloy, T755-T6 Alclad aluminum alloy,
and stainless steel. '

A camparison of computed and experimental buckling stresses of
square Metalite sandwich plates indlcates fair agreement between theory
and experiment.

INTRODUCTION

The necessary condltion that the wing surfaces of modern high—speed
alrcraft remain smooth under high lcads has led to the use of the sand—
wich plate as a substltute for sheet—stringer construction. Sandwich
plates consist of two thin sheets of metal separated by a low—-density,
low—stiffness core which, though contributing little to the strength of
the plate, serves to increase tremendously the flexural stiffness of the
load—carrying faces. The increase 1in flexural stiffness is samewhat
offset, however, by deflections due to shear which become appreciable
because of the low stiffness of the core.

Several papers which extend ordinary plate theory to take deflectlions
due to shear into account have appeared recently in this country. The
oxtension is made approximately in reference 1 by.means of the assumption
that any line in the core that is initially straight and normel to the
middle surface of the core will remaln straight after deformation but will
deviate from the normal to the deformed middle surface by an amount that
is proportional to the slope of the plate surface, the proportionallty factor
being the same throughout the plate. The theory is used to obtain approxi-—
mate criterions for the campressive buckling of plates with various
edge—support conditions. The criterions are corrected for the effects of
plasticity by replacing the Young!s modulus of the face material every—
where 1t appears in the buckling formulas by a reduced modulus,
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this method of correctlon being partly Justified by the consideration of

1ts theoretical effectiveness in comnection with the plastic buckling of
simply supported sandwich columns. Reference 2 presents a small-deflection
theory for elastlc bending and buckling of orthotropic sandwich plates which
considers shear deformations in a more refined mammer. Reference 3 presents
a large-deflection analysis of elastle isotropic sandwlch plates and

reduces the equations to small-deflectlon form to solve the problem of the
cumpressive buckling of simply supported sandwich plates. The theoriles of
references 2 and 3 can be shown to reduce to that of reference 1 in the

cage of the problem of the compressive buckling of simply supported plates.

In the present paper the theory of reference 2 is appllied to the
problem of the compreesive buckling of simply supported Metalite type sand—
wich plates. The particular sandwlch conaidered 1s one for which face—
parallel siresses in the core may be neglected so that all the applied
load 1s carried by the faces. TFurthermore, the faces are assumed to be
very thin campared with the core. The stability criterion obtained is
similar to those given in references 1 and 3. The theory is also extended
to the plastic range in much the same manner as was done in reference h
for solid plates and is used to determine the ‘plastic compressive buckling
stress of simply supported Metallte type sandwich plates. Charts for the
analysis of long sandwich plates stressed in the elastic range or in the
plastic range are presented for plates having face materials of
24S-T3 aluminum alloy, T55-T6 Alclad aluminum alloy, and stainless steel.

The theory 1s checked by & comparison of computed and experimental
results for square sahdwich plates with 24S-T Alclad aluminum-alloy
faces and end—grain balse cores. Ths experimental results were obtained
from reference 5. Fair agreement—is found between theory and experiment.

 SYMBOLS
X, coordinate axes (fig. 1)
Eq Young's modulus for face material B
ES . secant—modulus for face material
ET tangent-modulus for face materilal o
1, 3%
Cr = = 42 ——
1 L Ty Eg _
ES —
V=g _ = _
K Poissont's ratio for face material

shear modulus of—core material
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face thickness

core thickness

flexural stiffness per unit width of sandwich plate
Gf o8, + t5)
2(1 - ug?)

flexural stiffness per unit width of sandwich beam

(Eftf(hc + tf)2>
)

plate length

plﬁte width
plate aspect ratic (a/b)
buckling stress

2620, bp
elastic-buckling-stress coefficient — 5

elastlc-buckling—stress coefficient hased upon He = %
3 beccrtf
2~ =B
2b° orcrt
plastic—-buckling—stress coefficient
plastic—buckling—stress coefficlent based upon up = -;-‘-

< bdcr

core shear—stiffness parameter for sandwich plate %D
b2G,h,

core shear—atiffness parameter for sandwich column -1235—
b2G b,

number of half.waves in buckled plate deflsction surface
in direction of loading

o
.

L
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RESULTS AND DISCUSSION

Campressive buckling formulas for simply supported flat rectangular
Metalite type sandwich plates are derived in the appendixes for buckling
in elther the elastic range or In the plastic range. The equation for
canpresaelive buckling in the elastic range is obtained in appendix A by
use of the theory developed in reference 2. The theory is modified in
appendix B to obtaln the equation for campressive buckling in the plastic
range. _

Elastlc range.— For finite plates the buckling-stress coefficient
is given by equation (A7) of appendix A as follows:

(B +l[De
k = . (l)
Iﬂ?‘)
1+ I'é. + ‘-3-2

Consecutive integral values of m are substituted into equation (1) until
-2 minimum value of the buckling coefficlent is obtailned for given values
of B and r. For infinite plates the coefficlent reduces to

(1 + )2 '
and
1 .
k= = (r 2 1) (3)

When the core shear stiffness i1s infinite (r = 0), equations (1) and (2)
reduce to the well-kmown buckling criterions far isctropic plates with
deflections due to shear neglected.

Equations (1) to (3) are presented graphically in figures 2 and 3.
Figure 2 shows that the effect of finite core shear stiffness is not only
to decrease the buckling stress but also to increase the number of haelf-—
waves in the buckled plate. If the core shear-stiffness parameter is
equal to or f6¥5 than 1.0, the wave length of buckle becames infinitely
gmall, in which case the restraint to buckling offered by the side
supports has no effect. The buckling—etrese coefficient is then inde—
pendent of the platw aspect ratic f &and is determined by the shear
strength of the core. . .

Blastic range.— When the buckling stress ig in the plastic range the
buckll coefficlents are given by the appropriate one of equations (B10)
to (B13) of appendix B. Since the buckling coefficient is given by these
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equations as & function of the buckling stress, a graphical method must
be used to analyze a given plate. The buckling coefficient given by
equations (B10) to (B1l3) is defined as

2
: b Ucrtf
Kty = = —5—— (%)

B

Equation (4) can be rearranged to give

W

== (5)
2

B _
so that Ton ls now given in terms of the buckling stress, the shear-
f .

: 7B
stiffness parameter ———, and the plate aspect ratio B all of which

b2Geh, 25

are contained in k'pl‘ For a given value of B, curves of 35——
b=t

f

buckling stress cean be plotted for various values of the shear-stiffness

parameter —EEE——. Then for a given plate =B and . I

v°G,h, v2te v2G, b,
by the plate dimensions and material propertles and the buckling stress
may then be obtained fram the eppropriate curve.

agalnst

are defined

Since equations (B10) to (B1l3) are valid only for plates with a
Poisson's ratio of 1/2, the buckling stresses camputed by the foregoing
method fram those equations are in error for plates having other Poisson's
ratios and must be corrected. The correctlon process used in the present
paper is the following: For a glven plate the plastic buckling stress
based on a Poisson!s ratio of 1/2 is computed by the foregoing method.

The buckling stress for a perfectly elastic plate is also computed by using
the appropriate one of equations (Blh) to (B16) which are alsc based upon

a Poisson's ratio of 1/2. It is assumed that for given values

of 535— and _ﬁf@__ the ratio of the plastic and elastic stresses is
bete b2Gh,

independent of Poisson's ratio. Then for any other value of Poissonts
ratio the corrected buckling stress is given by
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n X Elastlc buckling stress for actual value of He

2y k- o :
=n"-2 > (6)
2btfl—uf T .

Q
Q
H

L]

where 17 1s the ratioc of the plastic and elastic buckling stresses

-

camputed on the basis of pg =-;- and X is determined fram equations (1)

to (3) as
m, B 2
39
k = 2B (7)
l+b_G.ilc_.é_+m._2_)
J---M;["2 B2

for finite plates and

L =B 2
2B G ehe £ >
1l + b_E.GJE'-Q-
1= g

2
- 1-br PB S _ul

b2G ke,
for infinitely long plates.
Curves of f;%;_ against-the corrected buckling stresq for various
values of ;Sg%zg-may now be drawn. Different setm of curves are cbtalned

for different values of Ko

Charts for the analysis of infinitely long sandwich plates were
constructed by the foregoing method for face materials of 24S-T3 eluminum
alloy, 755-16 Alcled aluminum alloy, and stainless steel and are presented
as figures 4, 6, and 8, respectively. iIn each case My was taken

as 1/3. These charts are based upon typical face-materiel stress—gtrain
curves which are presented as figures 5(a), 7(a), and 9(a). Since the
equations used do not depend on the stress—strain curve itself dut upon
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its shape as given by the curves of Eg/Es and Bp/Ep as functions

of stress (figs. 5(b), T(b), and 9(b)), Metalite type sandwich plates
having faces of any material for which curves of Eg/Ey and Et/Ef against
stress are similar to those of figures 5(b), 7(b), or 9(b) may be analyzed
by means of the corresponiing chart.

The charts of figures 4, 6, and 8 for infinitely long sandwich
plates may be used with little error for finite plates whose aspect ratio
is greater than 3. An extension of the curves of figure 2 would indicate
that in thils range of aspect ratio the buckling coefficient is essentlally
glven by that for the infinitely lomg plate, especlally 1f the core shear
stiffness 1s low.

Camparison of theory and experiment.— An experimental check of the

equations derived in this present paper for the campressive buckling of
simply supported Metalite type sandwich plates was obtained by a comparison
of camputed and experimental buckling stresses of square plates having
24S-T Alclad aluminmum-elloy faces and end-grain-balsa cores of various
thicknesses (fig. 10). The experimental results were obtained from
reference 5.

The camputatlons involved in the determination of the theoretical
stresses were shortensd by using the typlcal stress—strain curve of
figure 5 for 24S-T3 aluminum alloy instead of the stress—strain curves
presented in reference 5 for 24ST Alclad alumimm—ealloy sheet of various
thicknesses. The stress—strain curve used is approximately the average
of the actual stress—strain curves.

As indiceted by figure 10 the agreement between camputed and exper—
imental stresses is fair, the computed stresses belng on the averagse
8 percent higher than the experimental stresses. In individual cases,
however, the deviation is a&s high as 25 percent on the unconservative
side. An investigation of the experimental data reveals that some of this
deviation can be traced to a scattering of the experimental buckling
stresses for plates having essentially the same dimensions. Some error
too 1s involved in the computation of the buckling stresses wlth the
use of an average stress—strain curve for the face material.

The theoretical buckling stresses obtained by using the resultis
of the present paper agree reasonably well with the theoretical results
obtained 1n reference 5 by using the stabllity equation of reference 1.
Differences In these theoretical resulits arise malinly because the
flexural stiffnesses ussed in the present paper ere theoretical while
those used in reference 5 were obtained experimentally,

Langley Aeronautical ILaboratory
Netional Advisory Committee for Aeronsutics
Tangley Air Force Base, Va., December 29, 1948
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APPENDIX A

DERIVATTION OF COMPRESSIVE BUCKLING EQUATION FOR
SIMPLY SUPPORTED METALITE TYPE SANDWICH

PLATES STRESSED IN THE ELASTIC RANGE

The compressive buckling criterion for simply supported Metallte type
sandwich plates (fig. 1) stressed in the elastic range may be derived
by means of equations (5a) to (6¢c) of reference 2. In the equations seven
physicel constants of sandwich plates (two Poisson's ratios, two flexural
stiffnesses, a twisting stiffness, and two shear etiffnesses) must be
gpecified. In order to determine the physical constants, the following
assumptlions are made in the present paper:

1. The faces and core are ilsotropic.

2. TFace—-parellel stresses 1n the core may be neglevted so that the
applied loads are carried only by the faces.

3. Vertical shear forces are carried only by the core and are
distributed uniformly across the thickness of the core.

4. The faces are assumed to be very thin comparsd to the core so
that the variation of face—parallel gtreases across the thickness of the
faces may be neglected. i

Under these sssumptions the physical constants of Metalite type

sandwich plates are . 1
Bx = Hy = H-
v iy 5
Eatafh, + ¥
£bs (B + bp)
Dy =Dy = (L + pp)Dxy = - . > (A1)

V

Equations (5a) to (6c) of-reference 2 may then be written as

My - ‘D[a<5‘ ) ® cncds (2 )] (h2e)
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3 /v Yy 3 Qy
M, =-d| = (X _ L _(-_:a"-__ b
J oy (By G‘chc> P \& Gchc>:i (h2v)

4+ — c
oy = ax-_ ay Gch dy ax G-Chc

82 > 32
T T L ooty — (a2a)
Bx2 Bxay Bye dx2
Qx = — —_— + % (.AES)
dy dx
g = - Sy Sy (a2f)
¥ oy dy

where My, My, M’-‘CY are the bending and twlsting moments, Q. Q,y are
the shear forces, and w 1s the middle—suiface deflection at the

point (x,y) in the sandwich plate. -Equations (A2) constitute the six

fundamental differential equations for elastic buckling of Metalite type
gsandwich plates.

An equation in terms of the mlddle—surface deflection w alone can
be obtained. Substitubtion of the expressions for M, My, and, M‘&Y glven

in equations (A2a) to (A2¢) into equation (A2d) ylelds

-5 vhw + =D y° (BQx + BQ,1> - Eocrtf-aa—g- =0 (A3)
Geh, \ax  Jy ox

But, from equations (A2d) to (A2F),
Az, Ky _ e (ak)
= TSy ertiyg

Hence equation (A3) reduces to

- < _ D Ve) 2°c]1)'tf Sfcg =0 (A5)

Equation (A5) is identical with equation (7l) of reference 3 for a plate
under compression in one direction.



X0 NACAL TN- Rosr 18294

s ¥ 5 . ¥ w6\ & ' -
(dSA34nce the %ﬁ‘iﬁ pEz&ujﬁp &0t %l o8 #the Neflection

surface may be ;

(oSA) [i - ¥\ .8
\ (odo{’ ) ‘69' “sﬂl %

(A6)
56 M55
y{86Tding the stabi]_tby_ %;:&-ngim‘CM ‘UL‘M% _xo
‘(616 316__
EIEQ
e B..Mom
(osh) | == ¥ A, (A7)

The-vglue of m to be used iﬂée uEtYén (AT)yg,is that which ylelds the
lowest value of k for glveny¥e ueqrof r

2ove Eguati E9R B&E@E&EJBE%? g 2 o%ggaﬂé@lx 4008 simply sup goﬂ"m}

sandw¥ch piates ander minImizidd equd’

with 1:'65384‘:{’1‘}-’r o™ op; ﬂﬂ[‘?ﬂﬂ E%Sé’@aﬁz‘éi 284 at Vv baa ,aas'm wsoda efd

wie 8y edufld attegpid © .edslq dotwbase edd ot (v.x) Jolog
0wy ediisdeM Yo patle gdfla 10T eooldeupe Islimevellit Lafgemebraul
g _Jl-—r roimia dolwbiles
: 1( lm (a82
180 enols w moliocelteb yoetufe—elbbim el fo et nt goltisuce oA
wevim M bos (‘T__Mktiw‘“m—ﬁné-meque efd to motdudifedwl .benlsldo ed
' shidevt(Boa) notdaupe odat (08A) of (8GA) =oobduupe b
and

m

::_—(0
.,gg, “5

k = ot 1 EGA) mnotdpaupe monl ,Juf

el

The buckling coefficient given by eq_uati (A9 .corresponds to failure
of (tid core material under ﬁhq egtien- oi’ ghear forces.

Equations (A7) to (A9) are similar ‘bo equa.tions (76) ’ (79), and (79a)
of reference 3. ol mscvhay (FA) nmotierpe eoidel

(A} n=l‘:.5_§.li'£°_z)3 (9\'7 d ._._r_) + Wy

-x& 1 AinD

Al 5 70T £ eomeuetey Yo (IT) nolismpe fddlw Lsoldmeb! mlb (iA) m0tdsrn®

nrdnasth o artn at molaeecsmao s caborr

RIS



NACA TN No. 1822 | 11

APPENDIX B

DERTIVATTION COF COMPRESSIVE BUCKLING EQUATION FOR
SIMPLY SUPPCRTED METALITE TYPE SANDWICH

PLATES STRESSED IN THE PLASTIC RANGE

When the faces of sandwich plates are stressed in the plastic
range, the buckling theory used in appendix A i1s no longer applicable.
The equations of equilibrium, equations (A2d) to (A2f), remain unchanged
but the deformation equations, (A2a) to (A2c), must be modified to include
plastic effects. This modification may be readily made by means of the
plastic buckling theory of reference 4 which is based on the plaestic
gtress—straln relations characteristlic of the deformatlon theory of
plasticity. The stress—strain relatlons involve the assumptions that the
plate material i1s isotroplic and incampressible and that no part of the
plate unloads during buckling.

Since in the sandwich plates considered in thls paper the applied
forces are assumed to be carried only by the faces and the stresses
arising from these forces are assumed to be distributed uniformly across
the thickness of the faces, the bending and twisting maments are given
by the expressions

M, = @GxU _ sch> tf(EQe'l‘ tg) 7

M, = (8oy° — B0 ) t—f(h—zﬂ) r (B1)
to(h, + %

My, = —<61'ny -~ a-er> i%j———fl

where 8oy, B0y, BTxy are small variations of the average stresses in
the faces when buckling occurs fram thelr values before buckling. The
guperscripts U and L refer to the upper and lower faces, respectively.
The positive direction of M is taken in accordange with that glven
in reference 1 and is the nsgative of that glven in reference 2.

Expressions for ths variations of the average stresses In the
faces may be obtalined fram the general treatment of reference 2. For
the case of a plate compressed In the x—direction these equations are
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{ 1+l€2_ﬁ< ET)Xlz] (—2———)(0]}(1 +2- 2}
=33 (e gy ¢ (Bge) (e« 3) -

[ h + tf) XB] -
where

€,2,3 variations of mlddle—surface strains

X1,2,3 Pparts of plate bending and twisting curvatures
that-cause stresses in the faces
Zo coordinate- of neutral surface of plate

LDFD

The upper and lower signs refer to the upper and lower faces of the plate,
respectively.

The deformations due to vertical shear consist merely of a gliding
of the plate cross gections with respect to one ancther and hence do not
contribute to the face stresses. The curvatures due to shear deflections
therefore must be subtradted fram the total plate curvatures to give the
curvatures used in equations (B2). Then, if the cors is assumed to be
stressed in the elastic range,

& G-
= ('S'"‘ - _L> ‘f (83)

©Q
Xa‘l[ay@i_ ) k-

The substitution of equations (B2) and (B3) into equations (Bl) yields
the modified deformation equatlons
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__k 3 (_ %=\ ,13 (w_ %
Me = - SVB [%lax 3x Gong) T2 % (By Gch;i]
- 9 fxw_ %)\ .13 [w_ %
My = — ™
o 3 [éy <§y Gch;> Yo = <§x Gch;) P (B4)

1

o -1 — 9y
Moy %WB [}m' ééﬁ Gchq> T 3y T Goe

J

Equations (Bl) together with equationms (A2d4) to (A2f) of appendix A
congtitute the six fundamental differential equations for plastic com—
pressive buckling of Metalite type sandwich plates. Equations (A24)
to (A2f) are

Pray _ Py Py _ oo it O
N N N )

Unlike the elastic buckling theory, the theory for plastic buckling

does not yield a single equation in the middle—surface deflection w.

The number of squations necessary for the determination of the campressive
buckling load may be reduced to three if equations (Bl) are substituted

into equations (BS), so that

Rx Ry Pw _
> Yy T ertigm = O

1P P 30"\ % 3 P & 3[R
(na_y?““claxz n ;‘B)G-chc-’- L Sx37 Gohg | o%
3i_9§_+<;32 L2 3% 9 _§.__+_5_2_)w
b 3Dy Gechg  \k 3x®  3y2 & ¥B/Ggh,  dy\oxd 352
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The conditions that must be satisfied at the edges of a simply supported
sandwlch plate-are

-~

‘W’—-Dd:x Gchc=o (a‘b x=0,a)

> (BT)
w=My=G—Z‘fc—=O (st~ y = 0, D)

J

Solutions of equations (B6) that satisfy these boundary conditions are

v = Aysin y%x_ sin %ﬂ
Qx . mRx =y (B8)
S~ Ajcos - sin : ?
Qv _ m
- Agsin -aﬂ cos %-I ]

Substitution of equations (B8) in equations (B6) yields the set of
equations

=[G ] i)
36 - @) - i pe (= @ 42

EGh\a ) fLte P2t

A O

b
» 3

J

Since Al, Ap, and A, must have values other than zero, setting the
determinant of the coefficients of A3, Ap, and A3z equal to zero ylelds
the stability criterion .



Kt =¢® l+—w )“I_QJ'_*E 1—l§| +(m)2[l+ 501—2] +§Clw (B10)
(%)(L+%¢s +?¥Qs + m l:%hallﬂ;|_+l +§¢252(201—]§I +gcl\¥‘252

The plastic campreesive buckling load of infinitely long eandwich plates may be obtalned
by minimizing equation (B10) with respect to f/m. This procedure ylelds

(%)8[(1+ 1+_¢B] (ﬂ { 1+~¢e)!}+ml+—w(ecl—1]}
(& e ) o Jenn am- o) -of

+ @2{2011‘5[%252 (zcl - 1)+ Ve — 1} + %Cﬂ'eseecﬂ'ﬂ - 1) =0 (11)

Equations (B10) and (Bll) then determine the compressive buckling load of infinitely long sand-—
wich plates, For eny glven values of the buckling stress and the shear stiffness paramster a,

equation (B1l) is used to find the value of f/m that ylelds the minimm value of k! pl.

This value of B/m 1s then substituted in equation (B1O) to determine k'ry. If all the values
of B/m given by equation (B1l) are imaginary; that is, if

B> il oo (B12)

22QT *OoN NI VOVN

¢t



B/m must be taken equal to zero in equation (B10) which becomes
l—l
[#)%

1
ha/3
vhich is identical with equation (A9) if Polsson's ratio Is taken equal to 1/2 in the equaticn (AS)

If the buckling stress 1s In the elastic range, Cy and ¥ are equal to unity and the
buckling equations reduce to
(B m) (B14)

1+(1m2)

for compressive buckling of finite Metalite type sandwich plates and

o 0

1A
1w

) ; (B15)

22gT °"ON ML YOVN
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> (s > ;:) (B16)

J
for compressive buckling of infinitely long sandwich plates.
Equations (Blk) to (B16) are identical with equations (A7) to (A9) if
Poisson's ratio in equations (A7) to (A9) is taken to be 1/2.
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Figure 1l.— Simply supported Metalite type sandwich plate under
compression.
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Figure 2.— Compressive—buckling coefficients for Metallte type sandwich
plates stressed in the elastic range.
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Figure l4.— Design chart for long Metallte type gandwich plates with

ohsS-T3 aluminum—alloy faces. Hfy = 3
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Figure 5.— Typilcal stress—strain relations for 245-T3 aluminum alloy.
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- Pigure 6.— Design chart for long Metalite type sandwich plates with

755-T6 Alclad aluminum-alloy faces. Hyp = -132
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Figure T.— Typical stress—strain relations for 755-T6 Alclad aluminum
alloy.
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Figure 8.~ Design chert for long Metalite type sandwich plates with

stalnless—steel faces. Mg = -:-'5-
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Figure 9.— Typical stress—strain relations for stainless steel.
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Figure 10.— Comparison of calculated and expsrimental buckling stresses
for square Metalite sandwich plates with 2Lk Alcled eluminum—salloy
faces.



